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Full prognostic equation
All the prognostic equations of atmospheric motion can be summarized into the 
following form:
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for an arbitrary prognostic variable 𝜑𝜑.

There are four conceptual steps to solve the above equation:
• A numerical discretization to define resolved and unresolved scales

• Discretized governing equations for the resolved scale including the 

convergence of sub-grid flux associated with unsolved motion

• Parameterization representation of unresolved sub-grid flux

• Numerical solution using a computer 3



Reynolds scale separation rules 
based on an average over a grid box (∆𝟑𝟑)

The meaning of ∆→∞ is that the unresolved scales are required to be much 
smaller than the smallest resolved scale.  This average operation has the 
following properties:

1. The average of a sum is the sum of the averages (the distributive property).

2. The average of a derivative is the derivative of the average (the commutative 
property).

3. 𝜑𝜑′ ≡ 𝜑𝜑 − �𝜑𝜑 = 0
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Generalization of scale separation based on a spatially 
filtered average with a characteristic scale (∆)
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1. The average of a sum is the sum of the averages (the distributive property).

2. The average of a derivative is the derivative of the average (the commutative 
property).

3. 𝜑𝜑′ ≡ 𝜑𝜑 − �𝜑𝜑 ≠ 0



Resolved prognostic equation
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where 𝑄𝑄 is the so-called apparent source defined in terms of the sub-scale variables and 
resolved forcing as 
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when the Renolds average is used, or
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when the general filter is applied.
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Multi-fluid approach: Segmentally-constant approximation 

From Yano (2014, Dynamics of Atmospheres and Oceans )

From Thuburn et al. (2018)



Multi-fluid system: Segmentally-constant approximation 

From Yano (2014)

From Weller et al. (2020)



Two potential issues in the representation of 
subgrid convection in the UFS

1. A theoretical ambiguity in making conventional subgrid
convection parameterization schemes scale aware for 
applications at the so-called gray-zone resolutions

2. The ad hoc separation of vertical scales of parameterization 
subgrid convection into, e.g., deep/shallow and PBL
convection
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In the aforementioned multi-fluid system, we can show that 

𝑤𝑤′𝜓𝜓′ = 𝜎𝜎(1 − 𝜎𝜎)Δ𝑤𝑤Δ𝜓𝜓, (1)

where

( ) = 𝜎𝜎( )𝑐𝑐+ 1 − 𝜎𝜎 � and Δ ≡ 𝑐𝑐 − � , (2)

σ is the fractional area covered by the updraft, an overbar denotes a domain mean, the subscript c denotes a cloud value, and a 
tilde denotes an environmental value.

Define (𝑤𝑤′𝜓𝜓′)𝐸𝐸 as the flux required to maintain quasi-equilibrium. The closure assumption used to determine σ is 

σ = (𝑤𝑤′𝜓𝜓′)𝐸𝐸
Δ𝑤𝑤Δ𝜓𝜓+(𝑤𝑤′𝜓𝜓′)𝐸𝐸

. (3)

The quantities on the right-hand side of (3) are expected to be independent of σ . Eq. (3) is guaranteed to give

0 ≤ 𝜎𝜎 ≤ 1 . (4)

By combining (3) and (1), we obtain 

𝑤𝑤′𝜓𝜓′ = (1 − 𝜎𝜎)2(𝑤𝑤′𝜓𝜓′)𝐸𝐸 . (5)

The approach in the UFS for implementing the scale-aware convection scheme 
(Arakawa et al., 2011)

Adapted from a class note of Prof. Dave Randall

In the UFS, (𝒘𝒘′𝝍𝝍′)𝑬𝑬 is specified by a conventional parameterization formulation with a steady/diagnostic cloud 
model (aka the SAS scheme).



Ambiguity in implementing scale-aware convection schemes

• A theoretical explanation for the observed 
smallness of the fractional area covered by 
cumulus updrafts was provided by Bjerknes
(1938, QJRMS, 64, 325-330).   

• Convection takes place physically by rapid 
rising motion in the cloudy region, and slow 
sinking motion in the clear region.

• In a grid box, mass conservation dictates that 
rapid rising motion and slow sinking motion 
can only be achieved physically, for a given 
value of (𝑤𝑤𝑐𝑐−�𝑤𝑤), by making the updraft 
narrow, and the downdraft broad, i.e., σ ≪ 1.

Adapted from Arakawa et al.  (2011, ACP)



Ambiguity in implementing scale-aware convection schemes

• The conventional convection parameterization using a steady cloud model for 
full adjustment to maintain quasi-equilibrium in the gray-zone resolution: (a) 
inconsistent with the assumption of σ ≪ 1, and (b) coarse-graining statistics 
only relevant to deep convection.

• A good cloud model to determine (𝜓𝜓𝑥𝑥 − �𝜓𝜓) and a reasonable closure to 
determine the magnitude of (𝑤𝑤𝑤𝜓𝜓𝑤) 𝐸𝐸: What are practical metrics for being 
“good“ and “reasonable”?

Adapted from Arakawa et al.  (2011, ACP)



Multi-fluid system: Segmentally-constant approximation 

From Weller et al. (2020)



From Yano (2014, Dynamics of Atmospheres and Oceans )

Mass flux and separation of convection and environment



From Yano (2014, Dynamics of Atmospheres and Oceans )

Conventional formulation as the asymptotic limit of
∑𝒊𝒊𝝈𝝈𝒊𝒊 = 𝝈𝝈 ≪ 𝟏𝟏

That is, in a conventional parameterization scheme with a steady/diagnostic cloud 
model in which the mass conservation is expressed by (7.12), 𝝈𝝈 ≪ 𝟏𝟏 is assumed.



A pathway for avoiding the ambiguity: 
A unified scale-adaptive concept 

by Park (2014) that assumes the unresolved convective 
updraft/downdraft is relative to the grid-mean/filtered  

model state.



The unified vs the conventional formulation
• Conventional formulation

• The convection scheme simulates the actual convective motion on the subgrid scale.

• The model grid mean vertical velocity is defined in terms of the multi-fluid average by

• Scale-adaptive formulation

• The convection scheme simulates unresolved convective motion and treats it as the
subfilter/unresolved solution of the model relative to the filtered/resolved solution.

• The model grid mean vertical velocity is treated as the filtered solution of the continuous
model equations, i.e.,

�𝑤𝑤 = (1 − 𝜎𝜎)�𝑤𝑤𝑒𝑒𝑒𝑒𝑒𝑒 + 𝜎𝜎�𝑤𝑤𝑐𝑐𝑐𝑐𝑒𝑒 (�𝑤𝑤𝑐𝑐𝑐𝑐𝑒𝑒 ≥ 0, �𝑤𝑤𝑒𝑒𝑒𝑒𝑒𝑒 ≈ �𝑤𝑤𝑚𝑚𝑐𝑐𝑚𝑚𝑒𝑒𝑚𝑚 𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝜎𝜎 ≪ 1)

�𝑤𝑤 = �𝑤𝑤𝑚𝑚𝑐𝑐𝑚𝑚𝑒𝑒𝑚𝑚



A Unified Plume Model for Process-Dependent Parameterization

Unified Plume Model

Adapted from Park (2014)



Governing Equations

Adapted from Park (2014)



GFSv17P8 Run

UNICON Run

UNICON Run: Cold Pool Fraction



GFSv17P8 Run

UNICON Run

UNICON Run: Cold Pool Fraction









Summary
• The separation of the resolved and unresolved scales of motion in atmospheric model development 

is of utmost conceptual importance.  It should reinvigorate our attention for the “gray-zone” 
physics parameterization development. 

• According to the spatial filter framework, unresolved processes relevant to the approximated 
resolved solution of atmospheric models should be treated as relative to the resolved motion, 
allowing us to make the parameterization of unresolved processes as simple as possible.

• There is an ambiguity in the approach for implementing scale awareness in the UFS convection 
scheme (and in any similar scaling convection schemes using the conventional parameterization 
formulation, as well as in the ad hoc separation of deep, shallow and PBL convection in the UFS. 

• A pathway forward to circumvent the ambiguity and unify the representation of subgrid convection 
in the UFS is to use the unified scale-adaptive approach developed by Park (2014) based on a 
unified plume model.

• The experiment using the unified approach in the UFS shows its promising potential as a research 
and development direction.



Thank You!
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